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10 Introduction 
In the report by Howland, Egger, Mayerjak, and Munz (1) an elasto-
~lastic analysis is presented for obliquely loaded memberso S~ce the 
elasto-plastic analysis does not take strain hardening into account, the 
maximum extreme fiber strain was limited to the strain corresponding to 
the beginning of strain hardening" The computed resistance of rolled, 
structural I or WF shapes as a result of this limitation is nearly the 
same as the resistance determined by the nfully plasticn condition 0 How-
ever, the deflections are only on the order of four times the elastic 
limit deflection 0 In the same report, it is shown that the resistance or 
load carrying capacity of a member in the strong or weak direction of 
resistance, as a result of strain ?ardening, may be as much as 100 per cent 
greater than the resistance determined by the ".fuJ..ly plastic" condition, 
and this resistance occurs at deflections on the order of 50-80 times 
the elastic limit deflection" Therefore, it is desirable to extend the 
load-deflection relationship for obliquely loaded beams to include the 
effect of strain hardeningo 
In the present report the effect of strain hardening has been 
included in the analysis by consideration of the added effects to the 
elasto-plastic analysiso This has been done by assuming a linear stress-
strain relationship in the strain h~dening region of the stress-strain 
curve and relating the resulting additional increment of resisting moment 
(l)F. Lo Howland, WO Egger.9 Ro J. Mayerjak. and R. Jo Munz,; nStatic and 
Dynamic Load-Deflection Tests of Steel Structures f1 , University of 
illinois structural Research Series No 0 92, Urbana, illinois, 
February 19550 
-1-
2. 
to the elastic limit moment and a moment and corresponding strain determined 
by the elasto-plastic solution .. In this way, very little additional 
computation is involved in extending the analysisQ Since the elasto-
plastic analysis forms the basis for the entire method, some of the relation-
ships of the elasto-plastic analysis are repeated in this report. However, 
for a compIete discussion of the method, including the determination of 
de.flections, the reader is referred to the report by Howland, Egger, 
Mayerjak and MuiJ.z.,(2) 
The complexity of the elasto-plastic analysis when applied to 
obliquely loaded beams limits its usefulness. This method should be 
considered primarily as a research tool for the evaluation of other methods. 
One approximate method, the rigid-plastic analysis, is based on the 
assumption that the fully plastic moment for a given direction of loading, 
and the corresponding inclination of the neutral axis, are constant and 
are independent of the magnitude of the curvature and strain. 
Although the magnitude of the static deflection cannot be obtained 
from the rigid-plastic analysis, the deflection path can be compared to 
that obtained from the elasto-plastic-strain hardening analysis. Except 
.for loads applied at small angles to the web or Y-axis of a cantilever 
loaded at the free end, the direction of deflection is nearly the same 
for both methods of analysis 0 However, the resisting moments may differ 
by as much as 20 per cent for deflections in the range of 20 times the 
yield deflectiono 
(2)Fo L. Howland, Wo Egger, R. 30 Mayerjak and R. Jo Munz; nStatic and 
Dynamic Load-Deflection Tests of Steel Structures J n University of 
lllinois structural Research Series No 0 92, Urbana, lllinois, 
February 19550 
20 Addition of the Effect of Strain Hardening to the Elasto-Plastic Analysis 
If the following assumptions are made, the additional increment 
of' the resisting moment caused by strain ha.:odening of the material may be 
conveniently related to the elastic limit moment and a moment and 
corresponding strain determined by the elasto-plastic solution for obliquely 
loaded beams 0 
Assume that the stress-strain relationship is linear and has a 
modulus E for stresses below the yield stress, a , and yield strain, € 0 
e e 
After yielding the stress remains constant for increasing strains until 
strain hardening begins at 1/te where the modulus then is lEo The stress-
e 
strain relationship is shown in Figo lo With this relationship and 
assuming a linear strain distribution, the strains and stresses across a 
section can be written: (refer to Figo 2)0 
For strain: 
For stress~ 
Elastic region~ 
Plastic region~ 
v 
cr = - cr -e Ivl 
where: 
strain hardening region: 
C1 = 
€ = Strain 
€ = Elastic limit strain 
e 
€sh = Strain corresponding to the beginning of strain hardening 
€ = Extreme fiber strain 
m 
~€ = Increment of strain, € - €sh' in the strain hardening range 
v = Perpendicular distance from the neutral axis 
v = Distance from the neutral axis to where the elastic limit 
e 
strain occurs 
v = Distance from the neutral axis to where strain hardening begins 
sh 
v = Distance from the neutral axis to the extreme fiber 
m 
(j = Stress 
(j = Yield stress 
e 
b.o = Increment of stress caused by strain hardening 
Using the above three conditions, the moments about the X and Y principal 
axes can be determined by integrating over the section as ~ 
5· 
(3-a) 
~ =1 v ydA+ £ v y dA +! <1e I~I y dA cr IVel Cle \VI e Ae ASh 
+! A'll cr 
ASh 
My = - ! <1 Y dA 
A 
e 
p 
v YdA-! At /vshl 
. A 
sh 
x dA +! 
A p 
v CI --
e Ivl 
Cl
e 
v
sh 
/VSh! ydA 
(3-b) 
xdA 
The f'irst three integrals in each of the moment eCluations are the same as 
those ~or the elasto-plastic solution. The last two integrals are the 
increment of moment, ..6.M, resulting from strain hardening, which is added 
to the elasto-plastic solution in order to obtain the total moment. 
Symbolically this additional moment may be written as~ 
where: 
60 
D.M [ sh fh -~hJ I cos cp sin cp x x xy --= cr Air e Ivsh! /vsh! 
( 4) 
AM [ sh Ish sin cp ~h J I cos cp --L = cr xy - l. 1 ir e !Vsh/ IVshl 
Ish = MOment of inertia of the area ·of the section subjected to 
strains greater than Esh about the axis denoted by the 
subscript· 
Ish = Product of inertia of the area of the section subjected to 
xy 
strains greater than Esh about the axes denoted by the 
subscripts 
cp = Angle between the neutral axis and the X principal axis 
These moment equations are similar in form to the following 
equations previously used in the elasto-plastic analysis: 
where: 
7· 
Ie = MOment of inertia of the area of the section subjected to 
elastic strains about the axis denoted by the subscript 
Ie _ Product of inertia of the area of the section subjected to 
xy 
elastic strains, about the axes denoted by the subscripts 
~ = J I~I y dA 
A p 
r{ = £ I~I x dA 
p 
If we equate the s~rain hardening penetration, vsh' to a fictitious 
elastic limit penetration) v~, as shown in Figo 3, the terms in the equations 
for the increment of moment caused by strain hardening are related to the 
terms in the moment equations for the elasto-plastic solution as follows: 
Ish = I _ Ie x x x 
Ish = _ Ie 
xy x:y 
Ish 
= I _ Ie y y y (6) 
~h = ~ 
~h = ~ 
and 
VI 
= vsh e 
8. 
therefore 
or 
where: 
€ V V €' 
m m m m 
~=VSh=V'=€ 
e e e 
€ = Ijr e:' 
m m (8) 
I = MOment of inertia of the entire section about the axis denoted 
by the subscript 
v' = Distance from the neutral axis to the fictitious elastic 
e 
limit strain 
e:' = Fictitious extreme fiber strain 
m 
W:i.th these relationships the increment of moment may be written: (9) 
AM 
--.:z 
A Ijr 
but: 
(J 
e 
~l1d: 
(J 
e 
for € 
m 
for 
€ 
m 
I cos q> 
X 
Iv~1 
I sin cp 
l. 
rv~1 
= 
= 
(J x _ x _ 
[
I cos cP (Ie cos cp 
e ~~I IV~I 
t' sin ~ 0e cos ~ (J y - xy -
e IV~I Iv~1 
fml 
= Me /vml If IV~I = f'ml x x 
cp=cp 
IVml IVml =~ ~ • /v~1 = IVml. 
cp=q> 
I e . sm cp 
xy 
Ie 
l. 
sin cp 
IV~I 
€' 
nt. 
€e 
cp=cp 
€' 
m 
. 
€ e 
cp=q> 
+ ~)]for 
e:' 
m 
9· 
also: 
[I~ cos <p _ Ie sin q> 
+ ~ ] O"e x:y = M Iv~1 Iv~1 x 
for e l 
m 
ell) 
[ ~cos <p _ Ie . 
+ ~ ] . sm q> 0" l = 
Mylfor e IV~I ·lv~1 e l 
m 
and: 
Therefore, equations (9) can be written in the following final .form~ 
~ e l ~ m Ii! AijI = . -e x 
e 
for e cp=q> for €' 
m m 
(~2) 
~ e l 
--1L =If m M . - -A.ijJ Y e Y e 
for e q>=q) for e' 
m m 
In summary, the additional increment of moment above the elasto-plastic 
solution caused by strain hardening of the material for a particular extreme 
fiber strain,e;', has been related to two values of moment obtained from the m . 
elasto-plastic solution 0 The first term; the elastic limit moment, for the 
particular neutral axis position being considered, is multiplied by the 
ratio of the fictitious extreme fiber strain, e r, to the elastic limit 
m 
strain~ The relation between the fictitious extreme fiber strain, e~, and 
€ is given by Eq. (8)~ The second term is the moment given by the elasto-
m 
, 
plastic analysis which corresponds to the fictitious extreme fiber strain, e r 0 
m 
10. 
With these relationshi~s, the moment-strain curves obtained from 
the elasto-~lastic analysis may be extended by a semi-graphical procedure 
to include the effect of strain hardening after the constants "-and V have 
been evaluated 0 The general ranges of 1., "Ijr, cr / cr and € / € determined 
u e u e 
from tension coupon tests are shown in Figo 4 with a typical stress-strain 
relationship for the 6 B 1505 sectiono For ASTM-A7 steel, 'If generally 
ranges between 10 and 20, and A may be assumed to var,y between 00010 and 
000500 . Therefore, "Ijr = 15 is used in this analysis and for convenience, 
"- has been chosen as 000100 Since the strain hardening portion of an 
engineering stress-strain relationship probably cannot be approximate~ 
very well by a;-' single straight line beyond strains of 60 €e when A = 00010, 
this limlt has been set as the maximum usable range for this analysiso 
'Typical moment-strain relationships for constant neutral axis 
positions of' the &B 1505 section have been computed and are shown in 
Fig., 5, based on the constants A and V mentioned above 0 The moment-strain 
curves for constant 'loading directions of 2025, 1006 and 45 degrees from 
the Y axis have been constructed and are also shown on the figureo The 
increase in the 'resisting moment above the fully plastic moment is about 
20 to 30 per cent for the--three constan~ loading directions analyzed in 
this report 0 
From the moment~strain cu-~es, the moment interaction relation-
ships for constant neutral axis pOSitions were extended by construction 
to include the effect of strain hardeningo The lines of constant extreme 
fiber strain were also constructed and are shown on the moment interaction 
diagram in Fig" 60 
11 .. 
One additional extension may be made to the moment interaction 
relationship by assuming that the stress acting over the section is 
constant as in the ftfUlly plastic" condition except that the stress level 
has been increased to the tensile u1timate.stress~ The difference between 
the resisting moments given by this "ultimate plastic" condition, and the 
moment which would result from the correct stress distribution would 
probably be about 5 per cent for column sections 0 The moment·· interaction 
relationships for the range between the "ultimate plastic" and the limit 
of the analysis considering a linear strain hardening relationship may 
be sketched with considerable accuracy 0 These relationships are shown 
in Fig" 6 by the dashed lineso The nultimate plastic" moments are based 
on an ultimate stress of 106 times the yield stresso 
Deflection paths of the end of a cantilever member loaded with 
a concentrated load at the free end are shown in Fig •. 7 for the loading 
directions of 2025, 10.6 and 45 degrees from the Y axiso The deflections 
determined from this analysis were limited by the assumed maximum extreme 
:fiber strain of 60 € as previously mentionedo The maximum deflections 
e 
are about 20 times the elastic limit deflection or about 5 times the 
deflection corresponding to a maximum extreme fiber strain which is at 
the beginning of strain hardening" 
In order to determine the accuracy of the assumption of linear 
strain hardening, the moment-strain rela~ionships for the strong and weak 
directions of resistance were determined by numerical integration of the 
stress-strain curve shown in Figo 40 In Fig~ 8 these moment-strain curves 
12 .. 
are compared to the moment-strain relationships ~or linear strain hardening 
relationships o~ 1 = 0.010, 00015 and 0.0200 From these relationships 
it can be seen that the deflections determined ~or A = 09010 are larger 
than would result if the actual stress-strain curve had been used to obtain 
the moment-strain relationships. In the figure, the nultimate plasticn 
moment is noted. These moments are 1 and 5 per cent greater than the 
ultimate moment'obtained ~rom the actual stress distribution ~or the 
strong and weak directions respectively. Had the moment-strain curve 
been sketched from the nul timate plastic n moment tangent to the moment~ 
strain relationship'for A = 00015, the curve would approximate the actual 
moment-strain relationship very well. 
3. Rigid Plastic Analysis 
The load-deflection relationship for obliquely loaded beams may 
be determined by means of a rigid-plastic analysis which assumes that the 
fully plastic moment is reached instantenously and this moment is constant 
for all an.gle changes, curvatures or strains as shown in Fig. 9. In this 
analysis it is assumed that the neutral axis position is determined from 
the fully plastic condition and has the'same orientation for the full 
length o~ the member. With these assumptions the relationship between 
the direction of deflection is defined as, 
tan 
13. 
where~ 
a = Angle between the load and the Y axis 
Mfp = Fully plastic moment about the axis indicated by the subscript 
for the neutral axis position indicated by ~ 
If the cross section of the member is idealized by three rectangular elements, 
as in the elastic-plastic-strain hardening analysis, the magnitude of the 
load may be determined, and as a result of the assumed moment-strain relation-
ship, this load must be constant for all deflectionso Consequently, the 
load-deflection relationship will be of the form shown in Figo 100 
4<> Comparison of the Two Methods 
Although the rigid-plastic analysis cannot be used to obtain the 
magnitude of the deflection for static loading conditions, the direction 
of the deflection may be compared with that determined by the elastic-
plastic-strain hardening analysiso In Figo 7 the deflection paths of the end 
of a cantilever beam are compared for a concentrated load applied at angles 
a.:E 2.25, 10.6, and 45 degrees to the Y axis of the 6 B 15.,5 sectiono 
The difference in the deflection relationships is not too 
significant for the 1006 and 45 degree loading directions, but as the 
direction of loading rotates toward the Y axis, entirely different deflection 
relationships result from the two methods as can be seen from the curves for 
the 2.25 degree loading direction 0 On the basis of the moment interaction 
relationship for the 2025 deg. loading direction, this difference should 
be expected since the angle of' the neutral axis is a maximum at the fnl1y 
plastic condition" This maximum neutral. axis angle determines the deflection 
relationship o.f the rigid-plastic analysis 0 If the loading is increased 
ta the nultimate plasticft condition, ~he direction of the de~lection determined 
by the elastia.;..plastic-strain hardening analysis becomes nearly parallel to 
the rigid-plastic relationship since the neutral axis position for the 
ftultimate plastic" condition is the same as for the IIfully plastic ft condition. 
Sinc~ the deflection relationships differ materially for only a 
s~ range of loading directions, the more important difference between the 
two methods is the magnitude of the resisting mamento The resistance of a 
memher~determined fram: the rigid-plastic analysis is limited-to the resistance 
-,ga.ven: by the .fully- plastic. condition 0 However, the resistan~e given by the 
-elaStic -plastic -strain -hardening analysis can be extended to the ult:1mate 
plastic condition. If the resistances determined by the two methods are 
c-ompared at the maximum strain for which the stress-strain relationship may 
be linearized in the strain hardening region, the elastic-plastic-strain 
hardening analysis will produce resistances about 20 per cent greater than 
the rigid-plastic analysis as shown in Figo llo 
50 Conclusions 
The rigid plastic analysis results in directions of deflections 
which are very nearly the same as those determined by the elastic-plastic 
strain hardening analysis except ~or- loads applied at small angles to the 
Y axis.. The major difference occurs in the load carrying capacity of the 
member determined from the two methods. For deflections in the order of 
20 times the yield deflection the resis~ances ~rom the elastic-plastic-
strain hardening analysis are as much as 20 per cent greater than the 
resistances determined by the rigid plastic analysis 0 
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